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Abstract 



Many TV = (2, 2) two-dimensional nonlinear sigma models with Calabi-Yau target spaces 
admit ultraviolet descriptions as Af = (2,2) gauge theories (gauged linear sigma models). We 
conjecture that the two-sphere partition function of such ultraviolet gauge theories — recently 
computed via localization by Benini et al. and Doroud et al. — yields the exact Kahler potential 
on the quantum Kahler moduli space for Calabi-Yau threefold target spaces. In particular, 
this allows one to compute the genus zero Gromov-Witten invariants for any such Calabi-Yau 
threefold without the use of mirror symmetry. More generally, when the infrared superconformal 
fixed point is used to compactify string theory, this provides a direct method to compute the 
spacetime Kahler potential of certain moduli (e.g., vector multiplet moduli in type HA), exactly in 
a'. We compute these quantities for the quintic and for R0dland's Pfafnan Calabi-Yau threefold 
and find agreement with existing results in the literature. We then apply our methods to a 
codimension four determinantal Calabi-Yau threefold in P 7 , recently given a nonabelian gauge 
theory description by the present authors, for which no mirror Calabi-Yau is currently known. 
We derive predictions for its Gromov-Witten invariants and verify that our predictions satisfy 
nontrivial geometric checks. 
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1 Introduction 



Mirror symmetry [THS] is a valuable tool in understanding worldsheet quantum corrections to the 
moduli space of Calabi-Yau threefolds [BJ. This is because mirror symmetry maps the problem 
of computation of quantum corrections to a classical calculation in algebraic geometry. However, 
the technique is only applicable when the Calabi-Yau threefold under study has a known mirror 
construction. Barring a few exceptions, this is the case only for Calabi-Yau threefolds that have 
a realization as a complete intersection in a toric variety. 

The non-perturbative (in a') quantum corrections that one is interested in form a power series 
whose coefficients have come to be known as Gromov-Witten invariants [HE]. Roughly, these 
coefficients are related to the number of rational curves of fixed degree in the Calabi-Yau threefold. 
The method for evaluating Gromov-Witten invariants by using the mirror manifold, pioneered 
in [6ll9rll2j. has been shown to give accurate answers via an important "Mirror Theorem" in 
mathematics |13pi4j (again, this specifically applies to complete intersections in toric varieties). 
The proofs of this mirror theorem have the interesting feature that they deal entirely with the 
curve-counting problem on the "original" Calabi-Yau manifold, using the mirror construction 
only for motivation. 

In this paper, we conjecture an alternative way of computing Gromov-Witten invariants in 
physics which avoids the use of mirror symmetry. We consider the class of Calabi-Yau three- 
folds that can be realized via an ultraviolet gauge theory, constructed by means of the Gauged 
Linear Sigma Model (GLSM) [15] . For abelian ultraviolet gauge groups, which generally lead 
to complete intersections in toric varieties, the fact that the ultraviolet theories contain enough 
information to evaluate Gromov-Witten invariants without using mirror symmetry was implicit 
in the early detailed studies of those theories [15yi6j that evaluated instanton expansions at high 
energy (as pointed out in the conclusions to [E]). For nonabelian gauge groups, which generally 
lead to Calabi-Yau manifolds that are not complete intersections in toric varieties [15 H17ff20] . 
the situation has been a bit murkier. Utilizing recent work in which the two-sphere partition 
function for such GLSMs was computed via localization [214122] . we conjecture that this parti- 
tion function computes the exact Kahler potential on the quantum Kahler moduli space of the 
Calabi-Yau threefold — a quantity that can be used to extract the Gromov-Witten invariants. 
We compute the partition function in two canonical examples (an abelian example, the quin- 
tic, and a nonabelian example, R0dland's Pfaffian Calabi-Yau threefold in P 6 ) and compare the 
Gromov-Witten invariants computed by our methods with those in the literature, finding perfect 
agreement in each case. 

Next, we use the conjecture to compute Gromov-Witten invariants for a Calabi-Yau threefold 
that can be realized as a codimension four determinantal variety in P 7 — a nonabelian GLSM 
for which was constructed by the present authors in [20] — for which a mirror has not yet been 
constructed^ We provide a table of these invariants and verify that they satisfy certain nontrivial 
geometric checks. The result here is gratifying in that it involves a relatively simple computation 
in the high energy theory to produce the necessary ingredients for evaluating the Gromov-Witten 

lr The work of Bohm [231124] provides a promising proposal, but we have been unable to implement it well 
enough to produce a mirror for this example. 
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invariants. 



The outline of the paper follows: Section [2] provides an accessible account of special geometry 
and Gromov-Witten invariants; Section [3] reviews the exact partition function on the two-sphere, 
states our main proposal, and explains how to extract Gromov-Witten invariants from the parti- 
tion function; Section [5] verifies our proposal in two examples with known mirrors; and Section [5] 
contains our main new mathematical results, the Gromov-Witten invariants of a determinantal 
Calabi-Yau threefold in P 7 . We end with a summary of our results and future directions. 

2 Review 

In this section, we review some aspects of N = 2 special geometry, the moduli space of Calabi- 
Yau threefolds, and Gromov-Witten invariants. The relevant object of study is the M = (2, 2) 
two-dimensional nonlinear sigma model (NLSM) with a Calabi-Yau threefold Y as its target 
space. The marginal deformations of the infrared superconformal theory can be identified with 
the complex structure moduli and complexified Kahler moduli of the Calabi-Yau threefold Y; in 
fact, the moduli space is locally a direct product of the complex structure moduli space Aics 
and the quantum-corrected Kahler moduli space Ai Kahler > which are each local special Kahler 
manifolds governed by M = 2 special geometry [25-30] . For readers already familiar with this 
topic, the relevant formula we will utilize is (|2.19p . 

2.1 Local special Kahler manifolds 

For a precise definition of local special Kahler manifolds, and for further details, we refer the 
reader to |26 [ I27 [ I3T]F1 Part of the structure of a local special Kahler manifold Ai of (complex) 
dimension n, with Kahler form u, includes a holomorphic line bundle £ as a subbundle of a 
holomorphic vector bundle V of rank n + 1 over M. The vector bundle V comes with a flat 
connection V such that V X C V, and the underlying real bundle Vr of real dimension 2n + 2 is 
equipped with a non-degenerate skew symmetric form (•, •) that extends to the complexification 
Vc of Vr of complex dimension 2n + 2jf| 

Locally, the Kahler potential K of such a local special Kahler manifold M — with the Kahler 
form oj = ddK — is given in terms of a local holomorphic non- vanishing section s of C by 



Note that the Kahler potential is only defined up to Kahler transformations K — > K+f+f, where 
/ is a local holomorphic function. Such a Kahler transformation simply rescales the holomorphic 



2 Local special Kahler manifolds are also often called projective special Kahler manifolds and are distinct from 
special Kahler manifolds — see, e.g., [31] . 

3 This geometric structure gives rise to a Hodge filtration T 3 C J- 2 C J- 1 C T° of weight 3, with T :i ~ C, 
T 2 ~ V, J- 1 ~ £ x , and .F ~ Vc, where £ x is the subspace of Vc perpendicular to £ with respect to the symplectic 
pairing (■, ■) — see, e.g., [521155] . 





section s — > e* s. 
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The Kahler potential K of the manifold M can be conveniently expressed in terms of "spe- 
cial projective coordinates" X 1 , / = 0, ...,n, together with their conjugate special projective 
coordinates Tj, I = 0, . . . , n, as [25, 27, 31 1 

K = - log i (Y 7 J> - X 1 ^) . (2.2) 

The coordinates X 1 and conjugate coordinates J-j are also known as periods of the local special 
Kahler manifold AA. 

Furthermore, M = 2 special geometry dictates that the conjugate periods Tj — viewed as 
functions of the periods X 1 — are integrable to a holomorphic section J-~(Y 7 ) of the line bundle 

C® 2 [25H2Z1I221EI], which is homo 

geneous of degree two, i.e., 

Tl = ^T^ T(\X I ) = *I{X 1 ). (2.3) 
The section T is called the M = 2 prepotential of the local special Kahler manifold M. 

2.2 The complex structure moduli space M.cs 

The special Kahler manifold Mcs describes a family of Calabi-Yau threefolds y^, where £ is 
a local coordinate of some coordinate patch U C Mcs parametrizing the /i 2,1 (Y)-dimensional 
complex structure moduli space of the Calabi-Yau threefold Y . Here the line bundle C is identified 
with H 3,0 (y^) and the section s with the holomorphic three-form Furthermore, we have 

the identifications Vr = H 3 (y^,W), Vc = H 3 (y^,C), and the symplectic pairing 

(a, /3) = J aA/3, a, /3 6 tf 3 (3^, C) . (2.4) 

Then the Kahler potential (|2.ip of the complex structure moduli space Mcs is locally given by 

= ~ log i [ «(0 A fi(f) = - log » (x 7 /-, - Y 7 ^) . (2.5) 
Jy 

The last expression involves the periods of f2, 

n(0 = (x 1 (0,^/(0) = (J AI n @>f B ' ^«/ = o,...,/i 2 - 1 , (2.6) 

with respect to a canonical symplectic basis (A^-Bj) of #3(3^, Z) satisfying 

Bj) = 5'j , (A 1 , A J ) = (Bj, Bj)=0. (2.7) 

2.3 The quantum Kahler moduli space .M Kahler 

The main player of this note is the quantum-corrected Kahler moduli space .MKahier of a Calabi- 
Yau threefold Y, which is defined as the corresponding space of chiral-antichiral and antichiral- 
chiral moduli of the underlying SCFT. It is also a local special Kahler manifold, parametrizing 
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the ^, 1 ' 1 (y)-dimensional quantum Kahler moduli space of a family of Calabi-Yau threefolds 3^, 
where t represent the complexified Kahler coordinates of Y in some patch U C A^Kahier- 

The vector bundle Vr corresponds to (the non-torsion part of) the K-theory group K(Y). The 
K-theory group K (Y) is generated by holomorphic vector bundles over Y and the non-torsion part 
of K(Y) is isomorphic to the non-torsion part of H even (Y, Z) via the Chern character isomorphism 

ch : K(Y) ® Z QA H even (Y, Z) <g> z Q , £ H- ch(£) , (2.8) 

(see, for example, [34J). For Calabi-Yau threefolds Y, there is a natural non-degenerate symplectic 
pairing on (the non-torsion part of) K(Y) [35|l36]. 

(•,•): K(Y) x K (Y) -+Z, (£, T) *->(£, T) :=— J ch(£ (g> J 7 *) Td(Y) , (2.9) 

involving the Todd class Td(Y). This symplectic pairing naturally extends to the complexifica- 
tion Vc — H even {Y, C), where we have identified Vc with H even (Y,C) by the Chern character 
isomorphism (|2,8p . 



In order to calculate the Kahler potential (|2.ip using the symplectic pairing (|2,9p . we need to 
specify a section s(t) of the bundle C which is given by 



sit) = y=yy ^l + E vol ^ C£ )^ + E vol «(^)^ + vol ^ y ) w(3) ) ' ( 2 - 10 ) 

Here the zero form 1, the two forms uj^ and their Poincare dual four forms uj e , and the volume form 
a/ 3 ), generate (the non-torsion part of) H even (Y,Z), while voL(-) calculates the complexified 
quantum volume of the algebraic cycles (1,C , of H even (Y, Z) dual to the generators of 

H even (Y,Z). 

The quantum volumes in (|2.10p are expressed in terms of the complexified Kahler form J(t) 
of the family of Calabi-Yau manifolds ^Vt as 

vol,(C £ ) = ! J , vol q (C e ) = 1 / J* J , vol 3 (Y) = i / J*J*J. (2.11) 

Here indicates the product in the quantum cohomology ring QH even {yt) [38.39], which reduces 
in the strict large volume limit to the wedge product 'A' in the topological ring H even (yt). Then 
the section s(t) is conveniently written as 

*(t) = -j=L=ex V *J(t) , (2.12) 

with the exponential function exp^ taken in the quantum cohomology ring QH even {yt). 

Evaluating the Kahler potential (|2.1|) with the symplectic pairing (|2.9|) and the section (|2.1U|) , 



4 The associated Hodge filtration and, hence, the definition of the bundle £ in the context of quantum Kahler 
moduli spaces is explained in [33] • 
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we arrive at the expression 



K = - log 
= — log i 



: J e*P* (J(t)) A exp*(- J(t)) 



vol g (Y) - vol 9 (Y) + (vol 9 (Q) vol, (CO - vol ? (Q) vol 9 (C £ )) , (2.13) 



where vol„( • ) is the complex-conjugate quantum volume. 

In general, it is difficult to explicitly determine (|2.1ip away from the large volume limit due 
to the relevance of quantum corrections in the product structure of QH even (yt). In order to 
capture such quantum corrections, it is necessary to carry out a rather complicated localization 
computation in the virtual moduli space of stable maps from genus zero curves into Y |4U| . 
However, when the family y± has a known mirror family y z with complex structure coordinates 
z € A4cs(Y), we can perform a classical computation in the topological i?-model (complex 
structure moduli space of Y) and infer the quantum corrections in the A-model (quantum Kahler 
moduli space of Y). In this way, the exact quantum-corrected prepotential on .M Kahler can 
indirectly be derived since mirror symmetry implies j\A. Kahler 

(Y) = M C s{Y) [5,6J. Our conjecture 
will provide an alternative method to determine (|2,lip . valid even when no mirror is known. 

Close to a large volume point, there is a distinguished choice of flat coordinates t , I = 
1, . . . ,h 1 ' 1 (Y), that provides an affine parameterization of the complexified Kahler form J = 

U(ir in terms of an integral basis oj£ of H 2 (Y, Z) whose generators lie within the closure of the 
classical Kahler conell In the vicinity of such a large volume point, the quantum volumes (|2.1ip 
take the form 

vol q (C e ) = t e , 

1 d 

vol ? (Q) = - V K lmn t m t n + V a tm t m + b e + T-jF^tit) , 

2 ^ m 9t (2-14) 



rn.n 



vo\ q {Y) = j ] Y. ^ m nt^ m t n -b e t e + ^c-2F lnst (t) + ^2t e ^F lnst (t) . 



Here, the coefficients K£ mn are the classical intersection numbers of the cycles Ct, i.e., 

Hmn = #(Cf nC m nC n ) = J WfAw m Aw n . (2.15) 

The coefficients bi and a£ m are real and, up to monodromies, topological invariants of Y, as 
discussed in 16,36,371. The coefficient c is 



c = x(Y)C(3), (2.16) 

where x(X) ^ s ^ e Euler characteristic of the Calabi-Yau threefold Y. This correction can be 
traced to the only perturbative correction at the four-loop level of the underlying W = (2, 2) 
SCFT [44 [IB], The remaining correction terms arise from worldsheet instanton corrections, which 



5 Such a large volume point is a singular point in the quantum Kahler moduli space: there, the flat connection 
V of V has a regular singular point with maximally unipotent monodromy [41H43] . 
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take the following form [45] 

F lMt) = 7^3 E N V L W) > ( 2 - 17 ) 



where 



hoc 



(27T») „ 



Lifc(g) = £ H£ > 9" = ex P ( 2 ™ / J ) = e 2 ™ E ^' • (2-18) 



n=l 



The integers N v enumerate the genus zero worldsheet instanton numbers in the homology class r/. 
In this work, we refer to them as the integral genus zero Gromov-Witten invariants, in contrast to 
the rational Gromov-Witten invariants n v that are simply the coefficients of q v in the expansion 
of (2^) 3 Fi nst (t). 

Evaluating the Kahler potential (12.13P around the large volume point using the explicit ex- 
pressions for the quantum volumes (12.14p . we obtain 

e~ K ^ =-~ £ Klmnit 1 - i% m ~ t m W ~ n + ^JX(Y) (2.19) 

£,m,n 

where r\i = f„wt- Note that in the flat coordinates t , the Kahler potential (I2.19|) of the special 
Kahler manifold A^Kahier is only determined up to Kahler transformations. 

Let us remark on how we arrive at the form (|2.19p of the Kahler potential using mirror 
symmetry: in the vicinity of a large complex structure point, the 5-model periods (|2.6p of the 
mirror moduli space A4cs(Y) take the characteristic form 

IT = (X°,X e ,F e ,F ) = X°(l, t e , F ) , £ = l,...,h 1 >\Y) . (2.20) 

Here we have used the scaling properties of the prepotential to define F(X°,X e ) = (X°) 2 F(t) 
and Fq = 2F — ^2 i t e diF in terms of the flat coordinates = ^u- The holomorphic function 
F(t), to which we also refer as the prepotential, now takes the fornj§ 

F(t) = 1 J2 K lmnt e t m t n + 1 £ a ^t m + £ h ^ ~ 1^3 C + F ^ ■ ( 2 - 21 ) 

£,m,n t,m £ 

Finally, inserting these periods (|2.20p into (|2.5p reproduces the Kahler potential (|2.19p . This is 
also clear from recognizing that vo\ q (Y) = —Fq and vol q (Ce) = dgF . 



6 Note that, in contrast to the Kahler potential, the prepotential (|2.21[) is not a monodromy invariant quantity. 
As a consequence, the subleading classical terms are always only given up to monodromy transformations. 



6 



3 The partition function Zg* 



In this section, we will spell out the conjecture that the two-sphere partition function of [21, 
[22] computes the quantum-corrected Kahler potential for the Kahler moduli space A^Kiihicr of 
Calabi-Yau threefolds. We then discuss the possible relationship of this conjecture to topological- 
anti-topological fusion [36]. Finally, we describe a procedure for how to use the conjecture to 
systematically extract the genus zero Gromov-Witten invariants from the two-sphere partition 
function. This sets the stage for Section 01 where we apply and check the presented approach 
for explicit Calabi-Yau threefold examples. The agreement of the Gromov-Witten invariants in 
these examples with existing results in the literature serves as strong evidence in favor of our 
conjecture. 

3.1 The conjecture Z S 2 = e~ K 

An M = (2, 2) globally supersymmetric field theory on flat euclidean space obeys the usual 
supersymmetry algebra with constant spinor parameters. If the theory possesses a vector R- 
symmetry, it was recently shown that one can place the theory on a two-sphere of radius R while 
preserving both this R-symmetry and a global M = (2, 2) supersymmetry [2HI22j . This requires 
a deformation of the Lagrangian of the theory by terms of order and (see |47] for a general 
discussion) and, correspondingly, the theory on S 2 obeys a deformed supersymmetry algebra with 
variational parameters given by conformal Killing spinors of S 2 . This deformation of the theory 
is distinct from a topological twist since the spinors remain sections of the spin bundle and, more 
to the point, the theory is not topological. It is worth noting that, in general, there could be 
several deformations of a given supersymmetric theory on M? that result in a supersymmetric 
theory on S 2 . The authors of [21U22] made a particular choice that allowed them to exploit a 
fermionic symmetry to localize the path integral (as in [48H52] ) and compute the exact partition 
function for (2,2) gauge theories with charged matter on S 2 . 

Consider an J\f = (2, 2) GLSM with gauge group U(l) s x G, where G is a product of simple 
Lie groups. The matter content consists of chiral multiplets §a in the irreducible representation 
Ra of 67, and charges Q f A under the ni=i U(l)t factor of the gauge group. We include FI 
parameters rg and theta angles Op for each £7(1) factor in the gauge group and an appropriate 
gauge-invariant superpotential that describes a compact Calabi-Yau threefold Y; without loss 
of generality, we take the large volume regime of Y to be rg — > +oo for all £, and we recall 
that the Calabi-Yau condition is equivalent to the existence of a non-anomalous U(1) A axial 
R-symmetry. For simplicity, we will assume that the FI parameters provide a rational basis 
for the second cohomology of Y and, therefore, that h l,1 (Y) = S0 Taking the minimal U(l) 
charge excitations to have charges ±1, then the theta angles will have 2ir periodicities and the 
coordinates zi := exp(—2irr£ + i9e), which respect this periodicity, will furnish good coordinates 
around the large volume point of Y, zg = 0. 

7 In general, there may be fewer FI parameters in the GLSM than there are complexified Kahler moduli on 
the Calabi-Yau threefold Y. For instance, in the context of abelian GLSMs this happens if the generators of the 
Kahler cone of the Calabi-Yau threefold involve non-toric divisors. However, even in these cases we expect that the 
outlined procedure still yields the quantum-corrected Kahler potential for a subspace of the entire Kahler moduli 

Space X K ahlor(Y). 
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The partition function for such a GLSM on S 2 , deformed appropriately by O(j^) terms and 
localized onto the Coulomb branch, takes the form |21 4I22^1 



1 /rank(G) ^ s ^ \ 

1 m,m \ M=l 1=1 ) 



s2 = TvJ\^ \ II "^n^ ) Z class (a,m) Z gaugc (cj,m) JJz$ 4 (a,(j,m,m), (3.1) 



where 



w = n ( + (« • ^ 2 ) > ( 3 - 2 ) 



a>0 



4 

r(9^ -%p-a-%Y,i Q A a e - lp-m-^YU Q*A™t] 

^dass = exp ( - Anir e a t - iO t m^) . (3.4) 

t 

The variables a and m are vectors in the Cartan subalgebra of G with a 6 R rank ( G ') a real vector, 
m € Z rank ( G ) integral, and and parameterizing M s and Z s . W denotes the Weyl group of G, 
and | W| its cardinality. The expression for Z g&uge involves a product over all the positive roots 
a of the simple factors of G — in the absence of any simple factors, this term is simply equal to 
one. Z$ A involves a product over all the weights p of the representation Ra of G, while q[A] is the 
vector R-charge of the chiral multiplet $4. The inner product • is the standard inner product on 
l>rank(G)^ We will assume that the superpotential is sufficiently general so as to fix the R-charges 
of the various chiral multiplets up to mixing with U(l) factors in the gauge group. 

We can now state our main conjecture: 



nl Z ' i — <c TjI Z' Z ^ — <c " ft. *- I 

q[A] . ■ . ~ 1 1 ^ ~ \ 



The partition function of a two-dimensional N = (2, 2) GLSM, defined on S 2 as 
in [Hl[22], which flows in the infrared to a W = (2,2) NLSM with a Calabi-Yau 
threefold as its target space, computes the Kahler potential K(z, z) of the quantum- 
corrected Kahler moduli space .MKahler according to 

Z s2 (z,z) = e- K(z ^ , (3.5) 

in terms of the introduced GLSM coordinates Z£. 



In the remainder of this paper, we provide arguments in favor of this conjecture. 

Note that the partition function (|3.ip is a real function of the complexified Kahler moduli zi 
and is invariant under monodromies (around the large volume point, generated by 9 — > 6 + 2tt). 
The deformed theory on S 2 is such that the superpotential terms of the GLSM Lagrangian are 
Q-exact, where Q is the fermionic charge with respect to which the localization is performed [21j . 
As a consequence, the partition function Z S 2 is independent of parameters in the superpotential, 
which correspond to complex structure deformations of the Calabi-Yau manifold that is described 

8 Note that the framework of [211122] is more general, allowing one to compute the partition function in the 
presence of twisted masses and background gauge fields for the non-R flavor symmetries. 
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by the IR theory. We stress that this independence is a consequence of the choice of deformation 
of the flat space theory performed by [2T1I22] . This provides a zeroth order check on the proposal. 



3.2 Interpretation via tt* equations 

The authors of [21,22] evaluated the partition function using a second localization scheme that 
resulted in a different "Higgs branch" representation. Indeed, we should expect both represen- 
tations to agree — and they do — since the partition function cannot depend on the choice of 
localization scheme used to calculate it (though it certainly can depend on the way in which the 
flat space theory is placed onto S 2 ). At least superficially, this Higgs branch representation allows 
for an interpretation in terms of topological-anti-topological fusion the partition function 
Zg2 is equal to the overlap of ground states in the A-twisted GLSM on a hemisphere, and an A- 
twisted GLSM on the other hemisphere. This relationship, which we will now briefly sketch, may 
ultimately provide a proof of our conjecture. In three-dimensional gauge theories with J\f = 2 
supersymmetry, the partition function computed in [53,54] displays a similar "factorization". 
This fact was noted in [55], and will be further explored in |56j 



Consider an J\f = (2, 2) SCFT with marginal chiral operators Oe and marginal anti-chiral 
operators Om- We can deform the SCFT Lagrangian using these operators 

C ->• C + / d 2 9 O e + c.c^j , (3.6) 

while preserving superconformal invariance. The serve as local coordinates on the moduli 
space of marginal deformations. The (normalized) two-point correlation functions of marginal 
operators can be used to define the Zamolodchikov metric on the moduli space of marginal 
deformations [571158] 

G m = (Ws^ 1 lim x 4 (Orn(x) o e (0)) S 2 , (3.7) 

x—>oo 

where o e = Oe\ e= g =0 . 

In the tt* construction, described in [36], the authors studied the twisted SCFT (A or B 
twist) on a hemisphere with a chiral operator inserted at the pole. The hemisphere path integral 
of the twisted theory defines a state-operator correspondence between chiral operators inserted 
at the pole and supersymmetric ground states (up to the addition of Q-exact states) on the 
boundary S . The topological twist allowed them to deform the hemisphere into an infinitely 
long cigar geometry, producing the unique ground state \t) corresponding to the operator Oe by 
projecting out any Q-exact pieces. Performing the anti-topological twist on another hemisphere 
and constructing the anti-topological ground states |m), corresponding to the anti-chiral operators 
Ofh, allowed the authors to give another useful interpretation of the Zamolodchikov metric in 
terms of the overlaps of these ground states: 

r - m) rstt 



Here the state |0) corresponds to the unit operator in the chiral ring. Moreover, the metric G 



hit 
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can be derived from a Kahler potential denned through 

e ~ K = <0|0> . (3.9) 

Thus, in a (2, 2) SCFT corresponding to a Calabi-Yau threefold, we can obtain information 
about the Kahler potential of the quantum Kahler moduli space from the A-twist and that of 
the complex structure moduli space from the £>-twist. Since the A-twist (S-twist) can be carried 
out in any (2, 2) super symmetric theory with non-anomalous vector (axial) R-symmetry, the tt* 
construction actually extends many concepts of special geometry away from the superconformal 
point. 

Consider, now, the A-twist of the GLSM described in Section 13.11 on a hemisphere with the 
unit operator inserted at the pole. This corresponds to the ground state we labeled |0). The path 
integral over the hemisphere, by the localization argument, receives contributions from vortex 
configurations that satisfy [16] 

-n + Y, Qa tr (^A) = F12 > Dz4>a = o . (3.io) 

A 

Here we have assumed that the FI parameters r% have been tuned such that the gauge group 
is completely brokenjf] Hence, the scalar fields in the vector multiplets are set to zero. The 
equations (|3.10p are exactly the same as the equations satisfied by configurations that contribute 
to the partition function in the Higgs branch representation in |2ip22j (this observation was also 
made in |22|). Moreover, the localization equations on the other pole reduce to the anti- vortex 
equations, corresponding to the .A- twist. This suggests a connection with tt* fusion, although it 
is possibly only superficial (for example, the fermions here have antiperiodic boundary conditions 
around the equator, whereas we would expect periodic boundary conditions for tt* fusion). 

A proof of our conjecture may be possible if we can show that the quantity (0|0) is precisely 
computed by the partition function of the GLSM on S 2 , as defined in [2Tj[22] . This would require 
studying the vortex configurations of the A-twisted GLSM in the presence of boundaries with the 
appropriate boundary conditions. It would be interesting to investigate whether the conjecture 
that Z S 2 = (0 1 0) holds away from conformality, i.e., when the axial R-symmetry is anomalous |59j . 
We leave this to future work. 

3.3 Extracting Gromov— Witten invariants from the partition function 

We now explain how, with the Euler characteristic xQO as additional input, the conjecture 
(|3.5j) can be used to extract the Gromov- Witten invariants from the partition function Z S 2. 
Alternatively, the agreement we find between computations in Section |4] and known results for 
Gromov-Witten invariants can be thought of as strong evidence for our conjecture. For ease of 
exposition, in this section we will assume that a large volume point is located at Z£ = 0. To bring 
the partition function Z S 2(z,z) into the normal form ()2. 19|) and to extract the Gromov-Witten 
invariants, we use the following algorithm: 

9 This may not be true in general. It could happen that a nonabelian group is unbroken for all values of the FI 
parameter. 
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1. Evaluate Zgi{z^z) = e K by contour integration as an expansion around large volume; 

2. Isolate the perturbative £(3) term and perform a Kahler transformation K = K' + X° (z) + 
X°(z) in order to reproduce the constant term ^^xO^) m dZ 

3. Read off the holomorphic part of the coefficient of logz m logz n , which should then be 
identified with 

K imn t £ . (3-11) 



2{2m) 2 

Use this to extract the flat coordinates t , which must have the form 

^ = ^+4)) + A*), (3-12) 

where / (z) is a holomorphic function satisfying /^(0) = and £ [0, 1) — this determines 
the "mirror map" up to the undetermined constants t£ Q y, 

4. Invert the "mirror map" (|3. 12|) to obtain the zi as a function of t , 

z e = e 2mt ^( qe + (q 2 )), (3.13) 

where qe := e 27 ™'* ; 

5. Fix the n Q ^ by demanding the lowest order terms in the instanton expansion be positive; 
and, finally, 

6. Read off the rational Gromov-Witten invariants from the coefficients in the g-expansion — 
the integral genus zero Gromov-Witten numbers (roughly, the "number of rational curves") 
can then be obtained by the usual multi-covering formula (12. 17ft . 



4 Examples 

In this section, we explicitly compute the Gromov-Witten invariants for certain Calabi-Yau 
threefolds using the partition function, as outlined above. We begin with the familiar example 
of the quintic hypersurface in P 4 , whose quantum Kahler moduli space was first analyzed using 
mirror symmetry in [6]. Next, we consider the Pfaffian Calabi-Yau threefold in P 6 whose Gromov- 
Witten invariants were first computed by R0dland using mirror symmetry [60J and later studied 
via a GLSM constructed in [TTIUS]. We compute the partition function of this GLSM and find 
that the Gromov-Witten invariants determined by our procedure agree with those computed 
in [601EI]. 

10 Alternatively, if the classical intersection numbers associated to the complexifed FI parameters iri + ^ are 
known, we can read off the same Kahler transformation X°(z) from the coefficients of the log 3 z-terms, which may 
be computationally simpler to obtain. 
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Field 


U{1) 


U(l)v 


P 


+1 

— n 


2q 

2 - 2nq 



Table 1: Gauge group and matter content of a GLSM describing a Calabi-Yau hypersurface in 
pn— l -p^g i nc i ex a = 1, . . . ,n. 



4.1 The quintic threefold 

A degree n hypersurface in p n_1 is described by a GLSM with gauge group and matter content 
summarized in Table [TJ The U(l) v R-charge is kept partially arbitrary in terms of a parameter 
q. The theory also has a superpotential 

W = PG n {<5>) , (4.1) 

where G n (3>) refers to a generic homogeneous degree n polynomial. The model has two phase 
descriptions depending on the value of the Fayet-Iliopoulos parameter r, with r>0 describing 
a nonlinear sigma model phase and r <C a Landau-Ginzburg orbifold phase |15j . The exact 
partition function for this hypersurface can be written down for this model using the formulas 
in [2UE2] as 

roc J 



where 



r(q-za-f) _ r(l-nq + ma + ^) 

T-i I i rani ' V - / 



r(l-q + i(T-f) ' ^ r(nq-m f j + ^) 

A division between two sets of poles in the partition function suggests we choose < q < ^ 
(see Appendix EJ. This also happens to correspond to non-negative R-charges, simplifying the 
computations in [21LI22] . and so we restrict ourselves to this range. 

It is convenient to change variables to r = q — ia, in terms of which, the partition function is 

7 - V — J«rr EfczjT £(l-nT+^) 

hyP " r(l -r- f r T(nr + T ) " ^ 

The integral in equation (|4.4j) is easily evaluated by the method of residues, with the way in 
which we close the contour clearly dependent on the sign of r. When r ^> 0, the contour can 
be closed in the left half-plane yielding the answer (see Appendix [A] for the details and for the 
expansion around the Landau-Ginzburg orbifold point) 



, de vr n 1 sin(n7re) 

Zhyp = {zz) q <p —{ZZ) 



£(-*) 



r(l + k — e) n 



2m sin n (7re) 

where the contour of integration only encircles the pole at the origin e = 0, the complex conju- 
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gation does not act on e, and where z := exp(— 2irr + iO). For the quintic (n = 5), we have 



^quintic 



(ZZ 



de 
2vri 



7r 4 sin(5-7re) 
sin 5 (7re) 



g / T(l + 5Jfe - 5e) 

fc=0 



(-*)' 



rn + k-e) 



(4.6) 



Having required < q < | , notice that the remaining dependence on q is only through an overall 
multiplicative factor that can be removed by a Kahler transformation. In what follows, we will 
disregard the pre-factor (zz) q by taking q — > ^ (this is the natural choice of R-charge here 
since this model has a Landau-Ginzburg phase where P obtains a vev, but for models without 
Landau-Ginzburg phases it is less clear from the UV theory how one should choose q). 

We now demonstrate that the Gromov-Witten invariants, as determined by the procedure of 
Section [331 agree with those computed in [6]. First we extract the coefficient of £(3) in (|4.6p . 
which determines the Kahler transformation X°(z) to be performed. After performing the Kahler 
transformation, the Kahler potential becomes 



-K> 



1 



Z, 



quintic 



8tt 3 X°(z)X°(z) 



where 



o ^£(1 + 5*0 



(4.7) 



(4.8) 



It is interesting to observe that X°(z) is precisely the "fundamental period" of the quintic as 
determined by mirror symmetry (z is rescaled by a factor of — 5 5 relative to the formulas in [6]). 
This suggests that our methods are closely related to toric mirror symmetry [62 , 63J , in which the 
periods are known [63] to be generalized hypergeometric functions |65j . 

Next, we determine the mirror map through the coefficient of the log 2 z term, which yields 



770 z + 717825 z 2 + . . .) 



(4.9) 



Inverting the mirror map, we find that the leading instanton correction is exactly — 2875e" 



-2mt 



fixing the undetermined constant € [0, 1) to be t( ) 
zero Gromov-Witten invariants are 



2- With this choice, the integral genus 



2 875, 609 250, 317206 375, 242 467530 000, ... 
and agree with the numbers in the literature [6]. 



(4.10) 



4.2 R0dland's Pfaffian Calabi-Yau threefold 

In this section, we analyze the partition function of a Calabi-Yau subvariety of P 6 defined by 
the rank 4 locus of a 7 x 7 antisymmetric matrix whose entries are linear in the homogeneous 
coordinates of P 6 . Fl0dland conjectured that this Calabi-Yau threefold is in the same Kahler 
moduli space as a complete intersection of seven hyperplanes in the Grassmannian G(2, 7) |60j . 
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Field 


U(2) 


f/(l)v 


<*>a 

Pi 


1-2 
□+1 


2-4q 
2q 



Table 2: Gauge group and matter content of the Hori-Tong GLSM. The subscript denotes the 
charge under det(?7(2)). Here i, a = 1, . . . , 7. 



and Hori and Tong later gave a "physics proof" of this conjecture by constructing a GLSM that 
reduces to a nonlinear sigma model on the two Calabi-Yau threefolds for two different limits of 
the FI parameter [17 . The corresponding GLSM has gauge group U(2), matter content as in 
Table [2j and superpotential 



W = tr (A(^)P T eP) = A^ a P aj s a pP $i . 



(4.11) 



Here a, f3 = 1, 2, are fundamental U (2) indices and e is a 2 x 2 antisymmetric matrix with £12 = 1. 
The seven antisymmetric 7x7 matrices Afj serve as defining matrices for the two Calabi-Yau 
threefolds described by the GLSM, determining their complex structures. A division between two 
sets of poles in the partition function, as in the quintic analysis, suggests we choose < q < ^, 
which again happens to correspond to non-negative R-charges. Following the methods of [21|.I22] . 
the partition function is given by 



1 fiq+oo 

2 £ / 

^ -r-? J in — oo 



dap r q+0 ° dux 

27T Jiq-oc 27r 



;2«) 2 + ( f T 



•<7l 



r(i + ^ - ^; 



, r(-»(7i-aL) r(i + ia + icn + ; 
: r(i + iai-^) r(-«7 



. j(Tl + 2D±2i ; 



e -47rir(cro+CTi)— i6»(rrao+mi)-87rqr ^ -^2) 



Grassmann Phase: r ^ 

In the r ^> phase, the GLSM flows to a nonlinear sigma model whose target space is the 
complete intersection of seven hyperplanes in the Grassmannian G(2,7). The partition function 
can be evaluated in a similar manner to the quintic example, closing the contour in the lower half 
plane for both ctq and <7i, and is given by 



(^) 2q / cfe a-WTTfo + eQ 
2 J (2tu) 2 {ZZ) 



' 2 sin 7 7reo sin 7 7rei 



r(l + ^ + e + ei) 7 



k=0 



T(l + fc + e ) 7 r(l + K - k + ei) 7 



(4.13) 



where the integrals over eo,i are performed along contours only enclosing the poles at eo i = 
and where complex conjugation does not act on eo i. Again, we use a Kahler transformation to 
remove the dependence on the parameter q. 



Determining the Gromov-Witten invariants in this phase proceeds exactly as in the quintic 



14 



example: we first read off the Kahler transformation from the £(3) term, which takes the form 



^Grassl 2 ) 



oo K 

EE 

K=0k=0 



2 + 7(K -2k)(H K _ k - H k 



\K 



1 + 5 z + 109 z l + 3 317 z A + 121 501 z 4 + 4 954 505 z b + 



(4.14) 
(4.15) 



Here, H k is the harmonic number H k := Yln=i n anc ^ ^0 := ^- We ^ n< ^ that ^ e Kahler trans- 
formation parameter agrees (numerically, to high order) with the fundamental period computed 
by R0dland [60j, which we present here for convenience 11 ! 



^R0dland( z ) 



E< 



\m2+m4 



m 



m 2 



m 



m + UI3 
m 



m + m,2 + J7&3 
mi, ra 2 + m 3 , m 2 + m 3 + m 4 



m + m-3 + 771,4 

771-1, m 3 + m 4> m 2 + ^3 + ^4 



m =Ei m i 



1 + 5 z + 109 z 2 + 3 317 z 3 + 121 501 z 4 + 4 954 505 z 5 + 



(4.16) 
(4.17) 



Following the procedure described in Section 
with the values in the literature 

Pfaffian Phase: r < 



we find Gromov-Witten invariants that agree 



In this phase, we must close the contours in the upper-half ctq and o\ planes. There is a 
slight subtlety, however, since after performing the gq integral by the method of residues, the a\ 
integrand will lack a convergence factor, causing a slight power-law divergence in the integrand. 
Since we are closing the o\ contour in the upper half plane, we can regulate this by including a 
convergence factor e l5ai , then taking the limit as 5 — > + at the end. This yields 



Z 



(zz) 



2q-l 



■ lim 



/d 2 e ( 7r 7 sin 7 7r(eo + ei 
(2^ 



sin 7reo sin 7rei 



zz I 



/ -s^k ( r \-K(, | K , ou Ug i 9 \ r(l + jC + fc + e + ei) 7 

^ (_e ){ - z) (1 + i " + 2 " + eo + 2ei) r ( i + K + eo ) 7 r ( i + fc + e i) 7 



(4.18) 



where the complex conjugation does not act on eo 1. Notice that the sum over k for fixed K is 
now infinite, rather than finite. Also, note that the sum over k is at its radius of convergence 
when 5 = 0, but the alternating sign (— l) k ensures that the final result is insensitive to how we 
take the 5 — >■ limit, so we can safely remove the convergence factor. 

Unfortunately, the fact that the sums over k are infinite makes the calculation of Gromov- 
Witten invariants computationally intensive. A simple computation demonstrates that the coef- 
ficient of log 3 z, corresponding to the Kahler transformation, is 

X£ faff (z) = z~ 1 + 17z" 2 + 1549z" 3 +215585z" 4 +36505501z- 5 +6921832517z~ 6 + ... . (4.19) 

Indeed, this is annihilated to sixth order by the degree 5 Picard-Fuchs operator conjectured by 



Note that this suggests a nontrivial combinatorial identity between the sums in (14. 14(1 and (|4.16[) . 
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Field 


17(1) 


U{2) 


U(l) v 




+1 


lo 




Pi 


-1 


□+i 


2 - 2q x . - 2q 


x t 





□-i 


2qx 



Table 3: Gauge group, matter content and R-charges of a GLSM describing the GN Calabi-Yau 
threefold in P 7 . Note that a = 1, ... ,8, and i = 1, . . . , 4. 

Fl0dland. Combined with the agreement of Gromov-Witten invariants in the Grassmann phase, 
we consider this to be strong evidence that the conjecture holds in the Pfafnan phase as well. 



5 The determinantal Gulliksen-Negard Calabi— Yau threefold 

We now consider a determinantal Calabi-Yau threefold Y that is defined as the rank two locus 
of a generic section of Hom(Op 7 4 , Op7(l)® 4 ) — such a section is described by a 4 x 4 matrix 
J 4( < /0 = X^a^'Va of linear forms in the homogeneous coordinates (j> a =i,— ,8 of P 7 , where the A a 
are eight constant 4x4 matrices. The ideal describing the variety is generated by the 3x3 minors 
of the defining matrix A((f>). The resolution of such an ideal was first studied by Gulliksen and 
Negard [U7j, so we will refer to this determinantal variety Y as the GN Calabi-Yau threefold. 
A GLSM construction for determinantal varieties has recently been proposed by the present 
authors [20] . so we refer the reader to that paper for further details. Following the notation of 
that paper, we will use the "PAX" model to describe the GN Calabi-Yau threefold, with gauge 
group, matter content, and R-charges summarized in Table O The GLSM has a superpotential 

W = tr (PA($)X) , (5.1) 

where the field P is a 2 x 4 matrix whose columns, Pi, transform in the fundamental of U(2), 
and A is a 4 x 2 matrix whose rows, Aj, transform in the anti- fundamental representation of 
U(2), where i = 1, ... ,4. The classical vacuum moduli space is defined by the following D-term 
equations 

U(l) : Eal^! 2 -tr(pt p ) = r , (5.2) 
17(2) : pp ] - x^x = ril 2x2 , (5.3) 

and F-term equations 

(A a (j) a )x = 0, p(A a 4> a ) = 0, tr( P A a x) = 0. (5.4) 

The classical solutions of these equations can be divided into phases depending on the values 
of the FI parameters and is depicted in Figure Q] — quantum mechanically, the phase structure 
is corrected. The three asymptotic regions, labelled I, II, III, correspond to distinct geometric 
phases^ The phase ro + 2r\ ^> and r\ » 0, for example, is associated with the incidence 

12 Note that this corrects an oversight in an earlier version of this paper where the slope of the 7-77 phase 
boundary was stated to be —1. We thank K. Hori for pointing this out to us. 
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Figure 1: The classical GLSM moduli space, as a function of the FI parameters (ro,ri), of the 
GLSM that describes the GN Calabi-Yau threefold. The grey shading represents regions of the 
FI parameter space where we have a classical geometric description. The solid black lines indicate 
boundaries of the respective geometric phases, along which classical Coulomb branches emerge. 
The I- II phase boundary has slope — g. 

correspondence 

Y = { (<M 6 P 7 x G(2, 4) | p {A a ct> a ) = } . (5.5) 

Before embarking on the calculation of the partition function, we review some facts about the 
geometry of the GN Calabi-Yau threefold Y from [68ti70l l20]. The Hodge numbers h ' = 2 and 
h 2 ' 1 = 34 are calculated with the aid of [71]. There are two maps from Y to the Grassmannian 
G(2,4): in one case, we send eft to the kernel of the matrix A((f>), and in the other case we 
send it to the kernel of the transposed matrix A(cf)) T . A "Schubert" divisor L, which generates 
H 2 (G(2, 4), Z), therefore gives rise to two different divisors Lq and L\ on Y, depending on which 
map to G(2, 4) we use. There is a third divisor on Y coming from the hyperplane class H on P 7 ; 
since h 1 ' = 2, there must be a relation among these, and it can be shown to be Lq + L\ = 2H. 

The image of Y in the Grassmannian G(2, 4) under either of the maps is a threefold with 
56 ordinary double points (i.e., conifold points). This shows that Lq and L\ each lie on the 
boundary of the Kahler cone; since the Kahler cone is two-dimensional, they must generate its 
two boundary edges. In fact, as shown in [70], the curves C M= o,i, which are contracted to nodes 
by La, are lines in P 7 . Thus, we have H ■ Cn = 1 and L^ ■ = 0, which easily imply (using 
L + Li = 2H) that L M • C u = 2 - 25^. 

As we shall see later, there is another type of curve r on Y which is a line in P 7 , satisfying 
L^ ■ r = H • r = 1. (Note the homology relation 2r = Cq + C\.) The existence of Co, C\, and 
r, shows that any Q-linear combination of H and L\ that has integral intersection numbers with 
all curves on Y must be a Z-linear combination (since C\ and Y — C\ form a dual pair to H and 
L\ under the intersection pairing). Thus, {H, L\\ is a basis for H 2 (Y,1 1 ), as asserted in |20j. 

The triple intersection numbers of this basis of divisors are also easy to calculate [20], yielding 
H 3 = 20 , H 2 ■ L 1 = 20 , H ■ L\ = 16 , L\ = 8 . (5.6) 
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This result can also be expressed in terms of the Kahler cone generators, Lq and L%, as 



L — 8 , 



L\ ■ Li 



24 



LftL 



24 



L\ = 8 



(5.7) 



5.1 Partition function and instanton numbers 



The "PAX" GLSM for the GN Calabi-Yau threefold has two FI parameters, ro and r±, that 
give rise to the two Kahler parameters of the GN Calabi-Yau variety. In terms of these Kahler 
parameters, the partition function is given by the formula 



mo ,m\ ,m,2&i 



doQdo\do 2 
(2tt) 3 



(mi — m 2 ) z 



+ (o"l - cr 2 ) 



-47riro(ro — idomo 



(5.8) 



x e -4 7 rir 1 (a 1 +<7 2 )-ie 1 (mi+m 2 ) (^4 ^8 



where 
Zx 

Z P 



T(l -q x - iff! + ^) r(l - q, - ia 2 + ^) ' 

r(q -^ o -^) 

r(l-q^ + »(7o-^) ' 

r(l - q x - q<j) + *(a - oi) + gg^) r(l~q £ -q i + i(<7 - <r 2 ) + Z2fl ^ a ) 
T(q x + q - i(a - <r X ) + **^*) T{q x + q<j> - i(a - <r 2 ) + 



(5.9) 



The partition function can be evaluated analogously to the quintic example. In phase /, expanded 
around r + 2r\ S> and r% 3> 0, the result is 



1 / deo de± de 2 vr 8 sin 4 (7reo + vrei) sin 4 (7reo + 7re 2 ) 



(2vri) s 



sin 8 7reo sin 4 irei sin 7re 2 



(zz) <E °(w;u') 



£1+^2 



if 0,^1=0 



* J2(2k 1 -K 1 + e 1 -e 2 ) — 



r(l + K + ki + e + ei 



fei=0 



(l + Ko + e ) 4 r(l + A: 1 +ei) 



(5.10) 



r(l + K + - fci + e + e 2 ) 



r(l + if + eo) 4 r(l + K 1 -k 1 + e 2 ) 4 



where complex conjugation does not act on £qi 2 , and where we have defined the algebraic 
coordinates 



D (-27rr +ie )+2(-27rri+i6li) 



-2wri+i6 



(5.11) 



From the partition function (|5.10p . we extract the Kahler transformtion X° and the flat IR 
coordinates t , £ = 0, 1, given in terms of the algebraic coordinates z and w by 

X°(z, w) = l + 2w + z + 3w 2 +z 2 + Aw 3 - Uw 2 z - 5Awz 2 + z 3 + . . . , 

2tri t°(z, w) = log z + 4u> + 2w 2 - 20wz + -w 3 - 72w 2 z - 92wz 2 + ... , (5.12) 

3 

2m t 1 (z,w) = log(-w) + 4z + IQwz + 2z 2 + 36w 2 z - \2%wz 2 + \z 3 + . . . . 
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This allows us to expand the partition function Zgn hi flat coordinates t as 

Z GN =-2$(f- - Kt 1 - t 1 ) 3 - ^f(t° - ffit 1 - i l ) -¥(f~ W ~ t 1 ) 2 ~ ^ 
+ w ( 56 (go + + 192 ( qoqi + Ml) + i (?o + 5o) + • • • ) 

- j^w ( 56 (*° " io ^ qo + + 192 (t ° + - *° - &)(ao<n + Mi) + • • • ) , 

(5-13) 

where qi = e 27Ttt . Here, the partition function is canonically normalized with respect to the Euler 
characteristic xOO = — 64. 

From the classical part of the partition function (|5.13p . we readily extract the intersection 
numbers ()5.6[) of the integral generators cog, £ = 0, 1, of the second cohomology. Thus, we find 
agreement with the intersection numbers calculated in |20j by identifying ojq and oj\ with the 
hyperplane class H of P 7 and the Schubert class L\ of G(2,4) in the incidence correspondence 
(|5.5p . respectively. This is precisely the identification we expect since the "PAX" model relates 
directly to the geometry of the embedding into P 7 , which corresponds to H, and of the embedding 
into (7(2,4) corresponding to L\. This furnishes a nontrivial check on the classical part of the 
partition function (|5.13|) . 

From the non-perturbative terms of the partition function (|5.1U|) . we extract the genus zero 
worldsheet instanton corrections A^ 0i ^ 1 (organized by instanton number with respect to the basis 
{H, Li} of second cohomology), which count the number of curves in the homology class IqC\ + 
— C\). The structure of these numbers is more apparent if we use a basis of the Mori cone 
instead. We can rewrite the homology class as 

£od +£i(T- Ci) = £ Ci + h (|(C + Ci) - d) = (£ - \h) d + \hC Q . (5.14) 

Thus, we can label the new homology classes ttlqCi + rriiCo with mo and mi nonnegative half- 
integers whose sum mo + mi is an integer. 

We call the resulting instanton correction N m0jmi , and we have listed the values for these in 
Table HI We conjecture that the quoted integers N m0tmi are the integral genus zero Gromov- 
Witten invariants of the threefold Y in the homology class mo {C\] + mi [Co] € H2(Y, Z). 

5.2 Gromov— Witten invariants 

Our first observation is a prediction of iV^o = 56 for the number of lines in P 7 contracted by 
one of the maps to G(2, 4), and iVo,i = 56 for the number of lines contracted by the other map. 
As discussed in detail in [20], this is precisely the number of contracted lines predicted by the 
geometry. In the first case, these 56 lines give rise to 56 nodal points in the singular Calabi-Yau 
threefold 

Y sing = G(2, 4) | det A = } , {A) a ia = A% Vai , (5.15) 

by blowing down the curve class dual to L\\ the second case is similar. 

Curves r on Y that satisfy Lq ■ T = Li ■ T = H ■ T = 1 are constructed as follows. First, since 
H ■ r = 1, the curve must be a line in P 7 . Moreover, each projection of the curve to G(2, 4) must 
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7 /2 









3 814144 
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6 292 096 




20 090 433 088 




5 







2 544 




933 789 504 




1403 214 088 320 


n /2 









3 814144 




105 588 804 096 




6 







56 




1371704192 




10 388138 826 968 


13 /2 









813 568 




277465 693 248 




7 












933 789 504 




41598 991761344 


15 /2 
8 











52 928 


284 749 056 


380 930182 784 


93 976 769192 864 


17 /2 









896 




277465 693 248 




9 












35 857 016 




122 940 973 764 384 


19 /2 














105 588 804 096 




10 












1680 576 




93 976 769 192 864 


21 /2 














20 090 433 088 




11 












23 016 




41598 991761344 


23/2 














1 784 024 064 




12 

















10 388138 826 968 


25/2 














66 781440 




13 

















1403 214 088 320 


27 /2 














813 568 




14 

















96 591652 016 


2% 














192 




15 

















3 074 369 392 


31/2 




















Table 4: Predictions for genus zero Gromov-Witten invariants of the determinantal GN Calabi- 
Yau threefold Y. 



be a Schubert cycle since its intersection number with the Schubert divisor is 1. Let us fix a four 
dimensional space C 4 . Those Schubert cycles are defined geometrically by choosing a hyperplane 
V C C 4 and then choosing a line W C V; the Schubert cycle consists of all 2-planes II such that 
W C II C V. The dual space (C 4 )* must also have similar data, specified by a dual hyperplane 
W C (C 4 )* and a dual line V C W. 

Given a line L C P 7 and data {V, W, V, W} specifying Schubert 1-cycles on the dual Grass- 
mannians, we can choose coordinates on C and (C 4 )* such that V is spanned by e\, W is spanned 
by ei, e2, es, V is spanned by e±, and W is spanned by e±, &2, e-z- In order for a 4 x 4 matrix A 
of linear forms on P 7 to contain the line L in such a way that L projects to the given Schubert 
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cycles in the two Grassmannians, we need for A to restrict on L to a matrix of the form 







h{u,v) 

£ 2 (u,v) 

£ 3 (u, v) £ 4 (u,v) £ 5 (u,v) 



(5.16) 



where the i^u^v) are linear forms on L such that {£1,^2} an d {^3,^4} are linearly independent 



Note that the kernel of A at the point [u,v] € L is spanned by e\ and li{u,v)ei — £i(u,v)es, 
so it lies in the specified Schubert 1-cycle. Similarly, the kernel of A T at [u, v] is spanned by e\ 
and £4(11, v)e.2 — £3(11, v)es. 

The prediction of our calculation is that if Y is fixed and generic, there are exactly 192 such 
lines on Y. We confirm this number of lines explicitly in Appendix [Bl 

5.3 The extremal transition 

Instead of desingularizing the singular threefold Kji ng (|5.15p with a small resolution to recover 
the Calabi-Yau threefold Y, we can deform the complex structure to obtain a smooth deformed 
Calabi-Yau threefold Y. Such a transition from a resolved Calabi-Yau threefold to a deformed 
Calabi-Yau threefold has been studied thoroughly in the literature and is called an extremal 
transition [72H76] . 

Here the deformed Calabi-Yau threefold Y is identified with the complete intersection P 5 [2, 4]. 
To see this, realize the hypersurface equation det„4(p) = of Y s i ng in G(2,4) as a polynomial 
of degree four in terms of the Pliicker coordinates [u\2 ■ U13 : U14 : U23 ■ U24 ■ M34] , with Uij = 
PuP2j — P2iPij furnishing homogeneous coordinates of P 5 that satisfy quadratic Pliicker relation 
^141*23 — U13U24 + ^12^34 = along the G(2, 4) hypersurface. Thus, the hypersurface equation 
det A{u) = — which is a non-generic homogeneous polynomial of degree four — together with 
the Pliicker relation give rise to the singular complete intersection Calabi-Yau threefold Kji ng in 
P 5 . Deforming these two equations generically yields a smooth complete intersection in P 5 [2,4], 
which we identify as the deformed Calabi-Yau threefold Y with /i 1 ' 1 (Y) = 1 and h 2,1 (Y) = 89. 

Along the described extremal transition from the threefold Y to the threefold Y, the homology 
class [Ci] £ H2(Y, Z) vanishes so that H%(Y ', Z) can only be generated by the two cycle [Co] dual to 
the Schubert class L\ of G(2, 4). As a consequence, the grading of the Gromov-Witten invariants 
N mQt rni with respect to the degree mo of the homology cycle [Ci] disappears and the genus zero 
instanton invariants obey [77] 



Thus, we extract from the first few numbers N mQtTni , via the discussed extremal transition, the 



sets. 



oc 




(5.17) 



m=0 
m+£ even 
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integral Gromov-Witten invariants 



N e (Y) = 1280, 92288, 15 655168,3 883 902 528, 1190 923 282176,.... (5.18) 

These Gromov-Witten invariants Ng(Y) of P 5 [2,4] are in agreement with |78j . where these num- 
bers have been computed independently and by different means, serving as a nontrivial consis- 
tency check on the conjectured Gromov-Witten invariants N m0!mi . 



5.4 Symmetries of the Gromov-Witten invariants 

A quick glance at Table U] shows two symmetries among our predicted Gromov-Witten invariants: 
we have N mo , mi = N mi>mo for all (m ,mi), and N mo , mi = iV m0)6mo _ mi whenever (m ,mi) ^ 
(0,1). (There is also a third symmetry which is a consequence of the other two: A r r7l0imi = 
N6 mi -m , mi whenever (m 0l mi) ^ (1,0).) 

The first of these is easy to explain. If we map the defining matrix A of a GN Calabi- 
Yau threefold to its transpose A T ', we get another GN Calabi-Yau threefold. That is, taking the 
transpose of the matrix A defines an automorphism of order two on the complex structure moduli 
space. This automorphism acts nontrivially on H 2 (Y), exchanging the Kahler cone generators Lq 
and L\. Since the Gromov-Witten invariants must be the same after acting by this automorphism, 
we see that N mi ,m = N mo>TOl . 

The second symmetry is due to the existence of a flop Y + of Y along the curves in class [Co] 
which is diffeomorphic to the original Calabi-Yau variety (this was noted in [20])§ As explained 
in 80J. this occurs due to the following: 



The Kahler cone of Y is generated by Lq and L\ ; if we write the three-point correlation func- 
tions with respect to coordinates uq and u\, which are adapted to Lq and L%, we get expressions 
of the form 



uTu mi 



(a,/?, 7 >=a-/3. 7 + ^ ! ^ bsi (<* " W ' C)(7 ■ C)N m ^ mi . (5.19) 

J. Un ^1 

C=m Ci+miC 1 

As shown in [80], if we remove the term C = Cq from the summation, then the resulting expression 



uTuT 



E i_° mo 1 mi (a-C)(/3-C)( 7 -C)A> mo , mi . (5.20) 

C=m Ci+miC*o U ° Ul 

(m ,mi)^(0,l) 

must be valid throughout the union of the Kahler cones of Y and of Y + . Note that the flop does 
not affect rational curves in classes other than [Co], so the only Gromov-Witten invariant which 
changes under this flop is No,l- 

The Kahler cone of Y + is generated by L\ and some other vector L<i which can be written in 
the form L2 = \L\—Lq. Since Lx-(moCi+ciCo) = tuq and (ALi— Lo)-(moCi+ciCo) = XniQ—mi, 
and since (|5.20p must be well-defined throughout the union of the Kahler cones, the Gromov- 



Othcr examples of this phenomenon can be seen in 9 , 79 
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Witten invariants N mo ^ mi can only be nonzero if (tuq, mi) = (0, 1) or Xtuq — m\ > 0. That is the 
general feature of the instanton sums near a flop. 

However, if the flopped variety Y + is isomorphic to Y, then there is a restriction not only on 
the set of nonzero Gromov-Witten invariants but also on their values: we must have ^rno^mi — 
^mo,Am -mi unless (mo, mi) = (0, 1) (in order to get an identical sum in ()5.20j) after the flop). 
This is precisely the symmetry we observe for the predicted invariants (with A = 6), so we see 
another important compatibility property between the predicted invariants and the geometry. 



5.5 Picard— Fuchs system and singular loci 

Using the fundamental period (|5.12p . to high order in z and w, we find two Picard-Fuchs opera- 
tors: 

2 2-j 3 3-j 

£ i =EJ>ik(*»«o®i®£ . £2 =j2J2 r ^M^i&i , (5-21) 

j=0 k=0 j=0 k=0 

where Q z and Q w are logarithmic derivatives, and the polynomials are 

poo = -5w + 20u> 2 - 25w 3 + 10w 4 - 3z + 43wz - Alw 2 z + 3z 2 , 
P01 = -Ww + 30w 2 - 30w 3 + 10w 4 -7z + 52wz - 45w 2 z + bz 2 , 
P10 = 6(5w 2 — lOif 3 + 5w 4 — z + 16wz — 16w 2 z + z 2 ) , 
P02 = \ (l - 2w + w 2 - 5z) (5 - lOw + 5w 2 - z) , 
Pu = -5 + 30w 2 - 40w 3 + 15w 4 + 52wz - 52w 2 z + 5z 2 , 
p 20 = 3 + 8w - 2w 2 - 32w 3 + 23w 4 - 6z + 56wz - 58w 2 z + 3z 2 , 



(5.22) 



and 

r o = 5w(— 1 + 4w) , r i = — 15w + 30u; 2 — z , 

rio = 5w(-l + lAw) , r 02 = § (-10io + lOw 2 - z) , 

m = 2 (-10u> + 35w 2 - z) , r 20 = 2w(4 + 41w) , (5.23) 

r 03 = | (5 - 10to + 5w 2 - z) , n 2 = | (-5 - 30u> + 3bw 2 - 3z) , 

r 2 i = 1 - 2w + ilw 2 — z , r 30 = 8io(l + 4io) . 

These two independent Picard-Fuchs operators C\ and £2 are differential operators of order 
two and three, as expected from the structure of the chiral ring associated to a Picard-Fuchs 
system of a two moduli Calabi-Yau threefold geometry [11]. Some further analysis determines 
the discriminant locus of this Picard-Fuchs system and reveals that, in addition to the divisors 
related to large volume point, z = and w = 0, there are interesting divisors defined by 

(1 - wf - 2(1 + 6w + w 2 )z + z 2 = , (5.24) 



-(1 - wf + 4(1 - wf{\ - 3Aw + w 2 )z - 2(3 + 372w + 1298w 2 + 372w 3 + 3w 



4 V 



+A{l-3Aw + w 2 )z 6 - z* = Q . (5.25) 

If we identify w := q\ and z := qoq 2 , these agree with the Coulomb branch singular loci we found 
in [20]. 
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That the Coulomb branch singular loci correspond to singular divisors from the Picard-Fuchs 
system is not surprising [16], but the interpretation here is quite satisfying. Since a fundamental 
matrix of the Picard-Fuchs system has nontrivial branching around a singular divisor, e~ K must 
be divergent along it. As pointed out in |21|.l22j . the asymptotic form of the integrand of the 
partition function (|5.8p is the effective twisted superpotential W e g(a) on the Coulomb branch. 
The defining feature of the Coulomb branch singular loci in FI parameter space is that only along 
these loci can W e g(a) be extremized with respect to a. Recall that if a = o v is such an extremum, 
then so is Xa p for A G C [16,20]. At an extremum, W e g(a p ) = and we must go to the next order 
in an expansion of the integrand of ()5.8p around large a. Since the next term in the expansion 
exhibits a power-law divergence, the portion of the u-contour we added at infinity to enclose the 
poles will actually become divergent, causing the partition function to diverge, as it must if it is 
to be identified with e~ K . 

6 Conclusions and future directions 

In this paper, we argued that the two-sphere partition functions for GLSMs that flow to Calabi- 
Yau NLSMs, calculated using the localization technique in |21U22j . computes the Kahler potential 
of the quantum Kahler moduli space of the Calabi-Yau threefold via 



We verified this for the quintic, corresponding to an abelian GLSM |15j . and for R0dland's 
Pfaffian Calabi-Yau threefold in P 6 , corresponding to a non-abelian GLSM [171119]. Heartened 
by an exact matching with results known from mirror symmetry, we then studied a non-complete 
intersection Calabi-Yau threefold for which no mirror is currently known. We conjectured the 
Kahler potential of the quantum Kahler moduli space of the Gulliksen-Negard determinantal 
Calabi-Yau threefold in P 7 , verifying that the results are consistent with certain known geometric 
quantities as well as a GLSM computation of Coulomb branch singular loci from [20]. These 
agreements led us to conjecture genus zero Gromov-Witten invariants that, to our knowledge, 
have not been computed in the literature. We also noticed that the exact partition function 
on the two-sphere can be written in a factorized form, hinting at a relationship to topological- 
anti-topological fusion [46] , which may also suggest an avenue by which our conjecture could be 
proven. 

We should emphasize that the partition function is valid anywhere in the Kahler moduli 
space. In this note we have focussed on extracting Gromov-Witten invariants by expanding the 
partition function in the vicinity of a large volume point. However, we believe that our techniques 
are applicable more generally, allowing one to extract invariants in the vicinity of other special 
points in the moduli space. For instance, we expect that the expansion about an orbifold point 
in the quantum Kahler moduli space computes orbifold Gromov-Witten invariants |81H83| . see 
Appendix [X] for the quintic partition function expanded around its Landau-Ginzburg orbifold 
point. 

These same techniques can be applied to any Calabi-Yau manifold for which a GLSM is 




(6.1) 
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known (and for which the FI parameters provide a rational basis of the Kahler cone), apparently 
converting the problem of computing Gromov-Witten invariants into the problem of evaluating 
Barnes integrals (see [84] for earlier work along these lines) — a problem that is significantly 
simpler, at least in these examples. It is also worth noting that the expression for the fundamental 
period arising from non-abelian GLSMs that was conjectured by Hori and Vafa in [85], bears 
a striking resemblance to the Barnes integrals we have studied here, with Gamma functions 
expressed via their integral representationso We hope to elucidate these connections in future 
work. 

While our observations allow one to study the Kahler moduli space of a Calabi-Yau manifold 
(admitting a GLSM realization) without the crutch that is mirror symmetry, it would be exciting 
to take this one step further and use the methods to construct the mirror. The localization 
method of [2~Tjl2~2] was geared towards ^4-model data, so it would be interesting to study whether 
there is an analog of the localization method for the 5-model (either by coupling to a background 
gauge field for the axial R-symmetry, or by working with the same background fields as before but 
choosing twisted chirals and twisted vectors for matter fields). Knowing the partition function 
for these "B-localized" models and matching to an "A-localized" partition function could allow 
one to infer a mirror GLSM and, possibly, mirror manifold. 

Finally, connecting to string theory, for type II compactifications, our results have the striking 
implication that one can obtain the exact-in-a' spacetime Kahler potential and prepotential for 
all the geometric moduli fields: for the Kahler moduli using the methods we have outlined, and 
for the complex structure moduli using standard i?-model computations El For heterotic theories, 
the geometric moduli will mix with bundle moduli even around standard embedding, suggesting 
an intriguing direction for generalization by exploring whether these localization techniques can 
be applied to (0, 2) theories. 
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A Partition function of the quintic threefold 



The integral we need to evaluate is 

/•q+ioo j 

^hy P = e^ r £ z~ t9m / T~ ^ TT {Z„) n Z P , (A.l) 

where < q < K and 

T(r-f) r(l -nr + ^) , 

Z$ := , Z P := M . (A.2) 

r(l-r-f)' P T(nr + ^) 1 ; 

For r S> 0, we close the contour in the left-halfplane, so only the poles in Z$ will contribute to 
the residue and are located a1@ 

t = T p (m, k) := — — k , k > max{0, m} =>■ m < k . (A. 3) 

Near each pole, t p , we can write r = t p + e and write the contribution from that particular pole 
as a contour integral over e, with the contour chosen to enclose only the pole at e = 0. The 
partition function can thus be expressed as 

7 _ v V I ± p ^r(r P+ e-,) r(r p + 6-ff) w r (l - nr p - ne + 

""toi^ r(l-r p - e - f r r(nr p + n e+ ^f) 

= e -ime / & ^rff -fc+e-g) r(-fc + e) n T(l + nfc-ne) 4 ^ 

fc=0m<fc J V ' V ' 

After switching the order of integration and summation, changing the summation variable m — > 
I := k — m, using the gamma function identity T(x)T(l — x) sin(7rx) = it, and defining z := 
exp(— 2irr + i9), the partition function becomes 



= * =-r (^") q 



cfe / tt™ 1 sin(ri7re) 



27ri sin n (7re) 
where complex conjugation does not act on e. 



X^ ( _-,\nk h T{l + nk-ne) 



(A.5) 



Note that one can similarly expand around the Landau-Ginzburg orbifold point, where r <C 0, 
obtaining (we have set q = 



-i n ~ 2 rt 1+5 \n 

n ^ — ^ 



r(i±*) 



r(«5 + i)2r(^)« 

2 



n-lFn-2 



1+5 1+5 \ . ( 2+5 (n^jj+g n+5 \ , (~ 1)" \ 

n ' " ' ' n. J ' \ n ' " ' ' n '"' n ) ' n n z J 



, (A.6) 



16 Here we see that if we had not restricted to < q < — , we would either not encircle all of poles from Z§, or 
we would encircle all of the Z$> and some of the Zp poles. 
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where ' ' indicates that one should omit the term beneath it. This expression exactly matches the 
Kahler potential extracted from the mirror symmetry calculation in [6]. In general, we expect 
to be able to expand around any singular divisor associated with an asymptotic region in FI 
parameter space in the associated GLSM. 



B Lines in the Gulliksen— Negard Calabi— Yau threefold 

As discussed in Section T5.2I and as shown in [20], there are Nc t = Nc = 56 lines in the homology 
classes [C\] and [Co] of the generic GN Calabi- Yau threefold Y, which we identify with the genus 
zero Gromov-Witten invariants A^o and Ao,i of Y. In this Appendix, we enumerate the number 
of lines Ap of the homology class [r] corresponding to the genus zero Gromov-Witten invariant 
Ni i of Section 15.21 We use standard tools of algebraic geometry and the Schubert Calculus as 

2 ' 2 

explained, for instance, in [86H88] . 

In order to enumerate these lines, we describe the GN threefold by the incidence correspon- 
dence (|5.5p . which realizes the GN Calabi- Yau threefold Y as the zero locus in P 7 x G(2,4) of 
a generic global holomorphic section / of the rank eight bundle C(l)® 7 4 ®Uqi 2 4\ (where ^(2 4) 
denotes the dual of the rank two universal subbundle of G(2,4)), i.e., 

Y = { (<M G P 7 xG(2,4) | f(4>,p) = (/!(<M,---,/4(<M) = 0} , (B.l) 

where we decomposed / into four sections /i, . . . , f& of the rank two bundle T = 0(l)p7 ®Uq, 2 A y 

In the ambient space P 7 x G(2, 4) of Y, the lines in the homology class [r] have bi-degree (1, 1) 
with respect to P 7 and G(2, 4). Thus, we first describe the moduli space of bi-degree (1, 1) 

lines in the ambient space P 7 x G(2, 4), then we enumerate the number of lines Ar by restricting 
the moduli space A4i,i to the zero locus of a generic section /. 

First, we construct an auxiliary variety Vpi x pi as the product of the moduli spaces of ¥ 1 s in 
P 7 and G(2,4), respectively — i.e., Vpi x pi consists of P 1 xP 1 embedded diagonally in P 7 x G(2, 4). 
The moduli space of F 1 s in P 7 is given by all 2-planes in C 8 , which is just the Grassmannian 
G(2, 8). As in Section [5721 the moduli space of F 1 s in G(2, 4) consists of the set of all hyperplanes 
V C C 4 together with a line W C V. The hyperplanes V are parametrized by the Grassmannian 
G(3, 4), while the line W corresponds to a point in P 2 [l/]. Therefore, the moduli space of P x s in 
G(2, 4) is expressible as the fibration P 2 [^g(3,4)] — ^ C(3,4) in terms of the rank three universal 
subbundle Uqi^a of G(3,4). We arrive at the auxiliary variety 



Vpi x pi — G{2, 1 



/P 2 [^G(3,4)]\ 



V G(3,4) / 



dimcVpi x pi = 17. (B.2) 



Next, we turn to the moduli space A4i,i. The zero locus of a (generic) global section of 
the hyperplane line bundle 0(1, l)pi x pi yields a line of bi-degree (1,1) in P 1 x P 1 , and the 
moduli space of lines of bi-degree (1, 1) in P 1 x P 1 is the projective space of hyperplane sections 
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P 3 [Hom(0(-l,-l) P i xP i,O)]0 We engineer the moduli space Mi i as a fibration over Vpi x pi, 
where the fiber over each point {P 1 x P 1 } G Vpi x pi is its projective space of hyperplane sections. 
Since the lines in the 2-planes of G(2,8) are the points of P 1 C P 7 , and since the 2-planes n 
with W C II C V for (V,W) G (F 2 [U G(3A) ] -»• G(3,4)) are the points of P 1 C G(2,4), the bundle 
of hyperplane sections is the tensor product Uq^ 2 ^ ® 2p2[t/ G(3 4 ] °f ^ ne dual rank two universal 
subbundle of G(2, 8) and the dual rank two universal quotient bundle of P 2 [t r c(3.4)]- Altogether, 
the moduli space Mi,i of lines of bi-degree (1, 1) in the ambient space P 7 x G(2,4) becomes 



U G(2,8) ® 2 P 2 [C/ G(3 ,4)] 



Vpi 



X? 1 



dim c Mi i = 20 . 



(B.3) 



In the following, we will need the cohomology ring of the variety Mi t i, which can be de- 
scribes by standard techniques in algebraic geometry. The cohomology ring H*(G(2, 8),Z) is 
generated by the Schubert classes <7i, a 2 , and 03 of degree two, four and six; the cohomology 
ring H*(G(3, 4), Z) is generated by the Schubert class x of degree two; and the cohomology rings 



of the projective fibers P 2 [Wg(3,4)] and 



U. 



G(2,i 



are generated by the hyperplane 



classes y and £, each of degree two. For our purposes, the relevant relations among the Schubert 
classes 01 and a 2 are 



.12 



1 — 132 ct{ 6i6 } , 



~1CU 
0^1 ^2 

^-2^.5 



: 90cr {6i6} 
21cr {6,6} ! 



^8^2 
O-iO-2 



= 62cr {6,6} > 
15 0"{6,6} , 



^■6^.3 



(B.4) 



where <7{6,6} denotes the class of a point in G(2, 8). Furthermore, from the total Chern classes of 
the bundles 14g{3,4) an d ^(2 8) ® ^p 2 [^g(3 4 ]' we deduce — using the fibrational structures of the 
two projective bundles in V P i x pi and M\ 1 — two additional relations 



= y 3 -y 2 x + yx 2 -x 3 , 

= £ 4 + f(2ai + 2x - 2y) + f(3af - 2a 2 + 3x 2 + 3a x x - 4xy + 3y 2 - 3a lV ) 

+ £ [2a\ - 2a 2 oi + 3aix 2 - 2x 2 y + 3a\x - 2a 2 x + 2xy 2 - Aa t xy + 3a x y 2 - 3o\y + 2a 2 y) 
+ (af - 2<j 2 o\ + a 2 + a 2 x 2 + x 2 y 2 - oix 2 y + o\x - a 2 aix + aixy 2 - a\xy 

+a 2 y 2 - afy + a 2 oiy) . 

(B-5) 

Finally, we note that £ 3 y 2 x 3 C{6,6} * s the class of a point in the variety Mi t i, i.e., 



Mi 



£ 3 A y 2 A x 3 A a {6j6} 



1 . 



(B.6) 



With all these ingredients at hand, we are ready to enumerate the number iVr of lines in 

17 Actually, a non-zero global hyperplane section of 0(1, l) F i xP i that factorizes into sections of 0(1, 0)pi x j>i 
and 0(0, l)pi xP i gives rise to a reducible curve of two P 1 s of degree (1,0) and (0,1) touching at a common 
point. However, these non-generic hyperplane sections arise only in co-dimension one in the projective space 
P 3 [Hom(0( — 1, — l) P i xP i , 0)], so these degenerate lines will not appear in a generic GN threefold Y. 
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the GN threefold Y. The holomorphic sections fk of the rank two bundle J- appearing in the 
incidence correspondence (IB.ip induce holomorphic sections fk of the rank six bundle 

T = U* Gm 0^(3,4) - ^£(2,8) ® ^Wp 2 ^^)] © W £(2,8) © Sp 2 [W G(3 ,4)] " ( R7 ) 

The sections split into two components according to the indicated decomposition 

of T '. If the sections of ^(2 8) ® ^(-0p 2 [Wg(3 4) ] simultaneously vanish and if the sections 
of 8) ® 2p2[ WG(3 j are all proportional to one another, then a P 1 of bi-degree (1, 1) resides in 
the zero locus of the rank eight bundle J 7 ® 4 over P 7 x G(2, 4). The first condition ensures that the 
zeros of all sections f^ describe a common P 1 C G(2,4), while the second condition guarantees 

~(2) 

that all sections ft realize the same hyperplane section — and, hence, the same bi-degree (1, 1) 
line — over a surface P 1 x P 1 c P 7 x G(2,4). To compute the number iVr, we calculate the 
complete intersection locus in .Mi 1 of the sections fk of the rank five bundle 



T = U* G(m ® 0(1) p2[Wg(34)] © I W* (2>8) ® Q; 2[Wg(34)] /o(_i) 



fBi 



" G (2,8)®2; 2[c/G(34)] j 



where the additional quotient in the second summand of J 7 accounts for the equivalence of 

mutually proportional hyperplane sections as a common zero of the sections ft induced from 

f (2) 
Jk ■ 

Since the class of the zero-locus variety of a generic global section of a holomorphic vector 
bundle is its top Chern class, we can compute the number Nr of bi-degree (1, 1) lines from 

N r = I cs^) 4 . (B.9) 

In terms of the introduced cohomology classes of .Mi 1, the Chern class c^{J-) becomes 

cs(^) = ~ f<?2 + 2faf - 2fa 2 a x + 3£af - 5£<7 2 cr? + 2&\ + 2a\ - Aa 2 af 
+ 2o\o x - 2 fx 3 + 2a 2 x 3 - 2x 3 y 2 + 4£x 3 y + 2a 1 x 3 y + ^a\x 2 

— 3^a 2 x 2 + 3af x 2 — 3o 2 o\x 2 — £,x 2 y 2 — o\x 2 y 2 + 2^ 2 x 2 y + 3^a\x 2 y 

+ crfx 2 y + 2i 2 o\x - 2£ 2 o 2 x + 3£afx - 3£o 2 oi +x + 3o\x - ba 2 a\x (B.10) 
+ 2a\x — ^o\xy 2 + crfxy 2 — 2a 2 xy 2 + 2^ 2 a\xy — £cr 2 xy + 4£a 2 xy 

- a\xy + 2a 2 a x xy + fy 2 + 3^afy 2 - 5£a 2 y 2 + 2a\y 2 - 3a 2 a lV 2 
+ f&iy + 2fa 2 y + & 2 (Jiy - afy + 3a 2 a\y - 2a\y . 

We evaluate the integral (|B.9h using (IE741) . (jESJ), and (jBT6|> . obtaining 

N r = 192 , (B.ll) 

which precisely matches the genus zero Gromov-Witten invariant Ni 1 predicted in Section 

2'2 
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